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Abstract 

Reversible isothermal processes of a finitely extended, driven quan- 
tum system in contact with an infinite heat bath are studied from the 
point of view of quantum statistical mechanics. Notions like heat flux, 
work and entropy are defined for trajectories of states close to, but dis- 
tinct from states of joint thermal equilibrium. A theorem characteriz- 
ing reversible isothermal processes as quasi-static processes {^^isother- 
mal theorem!^) is described. Corollaries concerning the changes of 
entropy and free energy in reversible isothermal processes and on the 
O*'' law of thermodynamics are outlined. 
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1 Introduction 

The problem to derive the fundamental laws of thermodynamics, the O*'', 
1**, 2""^ (and 3'''^) law from kinetic theory and non-equilibrium statistical 
mechanics has been studied since the late 19*'' century, with contributions 
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by many distinguished theoretical physicists including Maxwell, Boltzmann, 
Gibbs and Einstein. In this note, we report on some recent results concerning 
isothermal processes that have grown out of our own modest attempts to 
bring the problem just described a little closer to a satisfactory solution; (see 
[1] for a synopsis of our results). 

In the study of the 0*'* law and of Carnot processes isothermal processes 
play an important role. Isothermal processes, which are thermodynamic pro- 
cesses at constant temperature, arise when a system with finitely many de- 
grees of freedom, the "sma// system" , is coupled diathermally to an infinitely 
extended, dispersive system, the "/ieat bath\ e.g., one consisting of black- 
body radiation, or of a gas of electrons (metals), or of magnons (magnetic 
materials), at positive temperature.^ During the past ten years, a particular 
phenomenon, "return to equilibrium" , encountered in the study of isother- 
mal processes of quantum-mechanical systems, has been analyzed for simple 
(non- interacting) models of heat baths, by several groups of people [2-6]: 
After coupling the small system to the heat bath, the state of the coupled 
system approaches an equilibrium state at the temperature of the heat bath, 
as time t tends to oo. Further, if all contacts of the heat bath to its environ- 
ment are broken the state of the heat bath returns to its original equilibrium 
state [7,8]. (The state of an isolated infinite heat bath is thus characterized 
by a single quantity: its temperature!) 

The results in [2-6] are proven using spectral- and resonance theory, start- 
ing from the formahsm developed in [9] . If denotes the Hilbert space of 
state vectors of the infinite heat bath, TZ, at /ixec? temperature {k/3)~^, where 
k denotes Boltzmann's constant, (7i^ is obtained with the help of the GNS 
construction, see [9,10]), and Ti.^ denotes the Hilbert space of pure state 
vectors of the "small system" E, the Hilbert space of general (in particular 
mixed) states of the composed system, 7?. V E, is given by 

n = H^^^ := T-i^ ® {n^ ® n^) (i) 

see [9,4]. The equilibrium state of the heat bath, or reservoir, TZ at inverse 
temperature kj3 corresponds to a vector fl^- e 7{^, and a general mixed state 
of the small system E can be described as the square root of a density matrix, 
which is a Hilbert- Schmidt operator on Tl^, or, in other terms, as a vector 
in (g) n^. 

"'^Diathermal contacts arc local couplings that preserve all extensive quantities except 
the internal energy of the small subsystem. The latter will be precisely defined later. 
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The dynamics of the composed system is generated by an (in general, 
time- dependent) thermal Hamiltonian, or Liouvillian, 



L{t) :^ Lo{t) + g{t)I , (2) 

(the "standard Liouvillain" , see, e.g., [9,6]), where 

Lo(^) = (1 1) + 1 {H^{t) 1) - 1 ® (1 H^{t)) (3) 

is the Liouvillian of the uncoupled system, is the Liouvillian of the heat 
bath, with Lp'^^ — 0, H^(t) is the (generally time-dependent) Hamiltonian 
of the small system, and where g{t)I is a spatially localized term describing 
the interactions between TZ and S, with a time-dependent coupling constant 
g{t). Concrete models are analyzed in [2-7]. 

We will only consider heat baths with a unique equilibrium state at each 
temperature; (no phase coexistence). If Loit) = Lq and g(t) = g are inde- 
pendent of t, for t > t^, "return to equilibrium" holds true if we can prove 
that L has a simple eigenvalue at and that the spectrum, o"(L), of L is 
purely continuous away from 0; see [2,3,4]. The eigenvector, fi^ = 
of L corresponding to the eigenvalue is the thermal equilibrium state of 
the coupled system 7?. V S at temperature (/c/?)~^. Since Lq tends to have a 
rich spectrum of eigenvalues (embedded in continuous spectrum), it is an a 
priori surprising consequence of interactions between TZ and S that the point 
spectrum of L consists of only one simple eigenvalue at 0; (see [2-6,11] for 
hypotheses on the interaction / and results). Under suitable hypotheses on 
TZ and S, see [2,3,4], one can actually prove that "return to equilibrium" is 
described by an exponential law involving a finite relaxation time, t-ji. 

If the Liouvillian L{t) of 7^ V S depends on time t, but with the property 
that, for all times t, L{t) has a simple eigenvalue at corresponding to an 
eigenvector n^(t), then i7/3(t) can be viewed as an instantaneous equilibrium 
(or reference) state, and TTi{t) is called instantaneous relaxation time of TZVU. 
Let r be the time scale over which L(t) changes appreciably. Assuming that, 
at some time Iq, the state , \t'(to)) of 7^ V S is given by Qj3{to), it is natural 
to compare the state ^'(t) of 7^ V S at a later time t with the instantaneous 
equihbrium state il/3(t) and to estimate the norm of the difference ^{t) — 
Q/j(i). One would expect that if r ^ supfTTi{t), then 

*(t) ^ ^p{t) ■ 



3 



In [12], we prove an "adiabatic theorem", which we call 'Hsothermal the- 
orem" , saying that 

m Q,{t) , (4) 

for all times t > tg. The purpose of our note is to carefully state this theorem 
and various generalizations thereof and to explain some of its consequences; 
e.g., to show that quasi-static (r oo) isothermal processes are reversible 
and that, in the quasi-static limit, a variant of the 0*^ law holds. We also pro- 
pose general definitions of heat flux and of entropy for trajectories of states 
of 7?. V E sampled in arbitrary isothermal processes and use the "isother- 
mal theorem" to relate these definitions to more common ones. Details will 
appear in [1,12]. 

2 A general "adiabatic theorem" 

In this section we carefully state a general adiabatic theorem which is a 
slight improvement of results in [13,14] concerning adiabatic theorems for 
Hamiltonians without spectral gaps. Our simplest result follows from those in 
[13,14] merely by eliminating the superfiuous hypothesis of semiboundedness 
of the generator of time evolution. 

Let 7^ be a separable Hilbert space, and let {L{s)}sei, with / C M a 
compact interval, be a family of selfadjoint operators on H with the following 
properties: 

(Al) The operators L(s), s e /, are selfadjoint on a common domain, V, 
of definition dense in Ti. 

(A2) The resolvent R{i,s) := {L{s) — i)~^ is bounded and differentiable, 
and L{s)R{i, s) is bounded uniformly in s G /, where ( ) denotes the deriva- 
tive with respect to s. 

Existence of time evolution. If assumptions (Al) and (A2) hold then 
there exist unitary operators {U{s, s')\s, s' e /} with the properties: 
For all s, s', s" in /, 

U{s, s) = l , U{s, s')U{s', s") = U{s, s") , 

U{s,s') is strongly continuous in s and s', and 

i-^U{s,s')^ = L{s)U{s,s')^ , (5) 
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for arbitrary \1/ G s, s' in /; {U is called a propagator'^). 

This result follows from, e.g., Theorems X.47a and X.70 in [15] in a 
straightforward way; see also Theorem 2 of Chapter XIV in [16]. (Some 
sufficient conditions for (Al) and (A2) to hold are discussed in [12].) 

In order to prove an adiabatic theorem, one must require some additional 
assumptions on the operators L{s). 

(A3) We assume that L{s) has an eigenvalue A(s), that {P(s)} is a fam- 
ily of finite rank projections such that L{s)P{s) = \{s)P{s), P{s) is twice 
continuously differentiablc in s with bounded first and second derivatives, for 
all s G /, and that P{s) is the spectral projection of L{s) corresponding to 
the eigenvalue A(s) for almost all s G /. 

We consider a quantum system whose time evolution is generated by a 
family of operators 

Mt):=L(-), - =:sel, (6) 
r r 

where {L{s)}sei satisfies assumptions (Al)-(A3). The propagator of the 
system is denoted by Ur{t,t'). We define 

U^^\s,s') ■.^Ur{TS,Ts') (7) 

and note that U^'^\s, s') solves the equation 

i^U^^Hs, s')* = rL{s)U^^\s, s')* , * G P . (8) 
Next, we define 

L^{s):=L{s)+'-[P{s),P{s)] (9) 

and the corresponding propagator, ui'^\s,s'), which solves the equation 

i§-Ui^\s, s')^ = TL,{s)Ui^\s, 5')*, * G P . (10) 

The propagator ui^^ describes what one calls the adiahaUc time evolution. 
(Note that the operators La{s), s G /, satisfy (Al) and (A2), since, by (A3), 
-[P{s), P{s)] are bounded, selfadjoint operators with bounded derivative in 
I.) 
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Adiabatic Theorem. If assumptions (Al)-(A3) hold then 

(i) U^^\s' , s)P(s)U^^\s, s') — P{s') (intertwining property) , 
for arbitrary s, s' in /, and 

(a) hm sup \\U^''\s,s') - U^^\s,s')\\ = . 

A proof of this result can be inferred from [14] . 
Remarks. 

(1) We note that s) = [/(^)(s, s')*. 

(2) With more precise assumptions on the nature of the spectrum of 
{L(s)}, one can obtain information about the speed of convergence in (ii), 
as r ^ cxo; see [13,14,12]. A powerful strategy to obtain such information is 
to make use of complex spectral deformation techniques, such as dilatation 
or spectral-translation analyticity. 

These techniques also enable one to prove an 

(3) Adiabatic Theorem for Resonances, [17]. This result resembles the 
adiabatic theorem described above, but eigenstates of L{s) are replaced by 
resonance states, and one must require the adiabatic time scale r to be 
small as compared to the life time. Tresis), of a resonance of L{s), uniformly 
in s e /. (For shape resonances, the techniques in [18] are useful. Precise 
statements and proofs can be found in [17].) Similar ideas lead to an adiabatic 
theorem in non-equilibrium statistical mechanics, [22]. 

3 The "Isothermal Theorem" 

In this section, we turn to the study of isothermal processes of "small" driven 
quantum systems, E, in diathermal contact with a heat bath, TZ, at a fixed 

temperature {k(3)~^. Our notations are as in Sect.l; see, eqs.(l), (2), (3). 

Let := L{^) denote the Liouvillian of the coupled system 7^ V S, 

where {L{s)}s^i is as in eqs.(2) and (3) of Sect.l and satisfies assumptions 
(Al) and (A2) of Sect.2. The interval 

Ir^{t\-eIcR} 

T 

is the time interval during which an isothermal process of 7^ V S is studied. 
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We assume that S is driven "slowly", i.e., that r is large as compared to 
the relaxation time tti = max^g/ tti{s) of 7^ V E. 

Assumption (A3) of Sect. 2 is supplemented with the following more spe- 
cific assumption. 

(A4) For all s G / = [sq, Si], the operator L{s) has a single, simple eigen- 
value \{s) = 0, the spectrum, o"(L(s))\{0}, of L{s) being purely continuous 
away from 0. It is also assumed that, for s < Sq, L(s) = L is independent of 
s and has spectral properties sufficient to prove return to equilibrium [3,4]. 

Let f2/3(s) e Ti denote the eigenvector of L(s) corresponding to the eigen- 
value 0, for s < Si. Then fli3{-) is the instantaneous equilibrium state of 
T^VS at time t. Let P{s) = \Qi3{s)){Qf3{s)\ denote the orthogonal projection 
onto fi/3{s); P{s) is assumed to satisfy (A3), Sect. 2. 

Let ^{t) be the "true" state of 7?. V E at time t; in particular 

*(t) = t/,(t,t')*(0 , 

where Ur{t,if) is the propagator corresponding to {L^{t)}] see eqs.(5)-(7). 
Sect. 2. By the property of return to equilibrium and assumption (A4), 

^(t) = fi^ ,t <rso , (11) 

for an arbitrary initial condition ^(— oo) ^H. ai t — —oo. 
We set 

^W(s)=^(rs), (12) 
and note that, with the notations of eqs.(7), (8), Sect. 2, and thanks to (11) 

*M(s)=C/«(s,So)Jl;3, (13) 

for s e /. 

Isothermal Theorem. Suppose that L{s) and P{s) satisfy assumptions 
(A1)-(A3), Sect.2, and (A4) above. Then 

lim sup ||*(^)(s) - ^p{s)\ \ = . 

Remarks. 

(1) The isothermal theorem follows readily from the adiabatic theorem of 
Sect.2 and from eq.(13) and the definition of ^p{s). 
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(2) We define the expectation values (states) 

io^ia):^{Qp{-),an/-)) (14) 
r r 

and 

Pi(a):=(*(t),avl/(t)), (15) 

where a is an arbitrary bounded operator onTi — Then the isothermal 

theorem says that 

Pt{a) = iof{a)+e^\a), (16) 



where 



lim 4nT^ = , (17) 



r— ioo 



for all times t E Ir- 

(3) If the complex spectral deformation techniques of [2,3] are applicable 
to the analysis of the coupled system TZV 12 then 

\4^\a)\ < 0{T-'ma\\ ; (18) 

sec [11,17]. 

(4) All our assumptions, (A1)-(A4), can be verified for the classes of 
systems studied in [2-6] for which return to equilibrium has been established 
therein. They can also be verified for a "quantum dot" coupled to non- 
interacting electrons in a metal, or for an impurity spin coupled to a reservoir 
of non-interacting magnons; see [11,1,12]. 



4 (Reversible) Isothermal Processes 

In this section, we study general isothermal processes and use the isothermal 
theorem to characterize reversible isothermal processes. 

It will be convenient to view the heat bath 71 as the thermodynamic limit 
of an increasing family of quantum systems confined to compact subsets of 
physical space, as discussed in [19,10]. Before passing to the thermodynamic 
limit of the heat bath, the dynamics of the coupled system, T^VS, is generated 
by a family of time-dependent Hamiltonians 

H{t) = H^^'^'it) ■.= H^ + H^'it) , (19) 
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where 

H''it) = H^{t)+git)W , (20) 

Hglt) is as in Sect.l, and W is the interaction Hamiltonian (as opposed to 
the interaction LiouviUian, I — adw, introduced in Sect.l). 

Let P{t) denote the density matrix describing the state of the coupled 
system, 7?. V S, at time t, {before the thermodynamic hmit for TZ is taken). 
Then P{t) satisfies the Liouville equation 

Pit)^-zm),p{t)]. (21) 

The instantaneous equihbrium-, or reference state of the coupled system 
is given, in the canonical ensemble, by the density matrix 

P^it) = Z^{t)-'e-^"^'^ , (22) 

where 

Z^{t) - ir(e-^^(*)) (23) 

is the partition function, and tr denotes the trace. We assume that the 
thermodynamic limits 

p,{-)^TD\imtr{P{t){-)) (24) 

u;^{-)^TD]imtr{P^{t){-)) (25) 

exist on a suitable kinematical algebra of operators describing TZ y 12; see 
[10,19,4]. 

The equilibrium state and partition function of a finitely extended heat 
bath are given by 

P^ = {Z^re-^^'^ , (26) 
4 - ^Ke-/^-^) , (27) 

respectively. 

Next, we introduce thermodynamic potenfAals for the small system S: The 
internal energy of E in the "true" state, pt, of 7?. V S at time t is defined by 

U'^it) -.^ p,{H^{t)) (28) 
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and the entropy of E in the state pt at time t by 



S^{t) := -k TD\imtr{P{t)[lnP{t) - InP^]) . (29) 



n 

Notc that we here define S^{t) as a relative entropy (with the aim of sub- 
tracting the divergent contribution of the heat bath to the toto/ entropy). A 
general inequahty for traces, see [10], says that 

S^{t) < . (30) 

The free energy of E in an instantaneous equilibrium state, cjf , of 7?. V E 
is defined by 

F^{t) :^ -kT TD]iM^) . (31) 

Next, we define quantities associated not with states but with the ther- 
modynamic process carried out by 7^ V E: the heat flux into E and the work 
rate, or power, of E. Let S denote the so called "imperfect differential" . Then 

and 

-^{t):=pt{H^{t)); (33) 

see [12,1,8] for details. 

We are now prepared to summarize our main results on isothermal pro- 
cesses. The first two results, which apply to general isothermal processes, 
are related to the first law of thermodynamics and the relationship between 
the rate of change of entropy production and the heat flux into E. The re- 
maining three results are corollaries of the isothermal theorem pertaining to 
free energy and the change of entropy in reversible isothermal processes and 
the zeroth law of thermodynamics. 

(1) From definitions (28), (32) and (33) and the Liouville equation (21) 
it follows that 

- ^ ■ P*' 

which is the first law of thermodynamics; (hardly more than a definition of 

dt )■ 
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(2) Note that, by the unitarity of time evolution and the cychc invariance 
of the trace, 

^^tr{P{t)lnP{t)) = , 

and 

f^tr{P{t)lnZ^) = = . 

Together with definitions (26), (29) and (32), this imphes that 

SHt) - . (35) 

for arbitrary isothermal processes at temperature T = {kl3)~^. 

(3) Next, we consider an isothermal process of 7^ V E during a finite time 
interval Ir = [tsq, rsi], with sq and Si fixed. The initial state p-j-so of 7?.VE is 
assumed to be an equilibrium state uj^g^ of the Liouvillian L^(tso) = L{so). 
We are interested in the properties of such a process when r becomes large, 
i.e., when the process is quasi-static. 

Result. Quasi-static isothermal processes are reversible (in the sense that 
all intermediate states pt oiTZVE, t & It, converge in norm to instantaneous 
equilibrium states a;f , as r — > oo). 

This result is an immediate consequence of the isothermal theorem. It 
means that, for all practical purposes, an isothermal process with time scale 
r is reversible if r S> = max^g/ ttz{s). 

(4) For reversible isothermal processes, the usual equilibrium definitions 
of internal energy and entropy of the small system E can be used: 

U^evit)--=^?iH''{t)), (36) 

Sf,,{t) -kTD\imtr{P^{t)[lnP^{t)-lnP'^]) = ^(U^^^(t) - F^'it)) , (37) 

where the free energy F^{t) has been defined in (31), and the second equation 
in (37) follows from (22), (26), (31) and (36). Eqs.(37) and (31) then imply 
that 
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Recalling (34) and (35), and applying the isothermal theorem, we find that 

S'^it) - , (38) 

-^{t) - F^{t) , (39) 

as r — ^ oo. 

(5) We conclude this overview by considering a quasi-static isothermal 
process of TZyT, with H^{s) — > Hq, g{s) — > 0, as s y si, i.e., the interactions 
between 71 and S are switched off at the end of the process. Then the 
isothermal theorem implies that 

lim lim prs — co^i <8) co^ , (40) 

r^cxD s /'si 

where uj^{-) = {Z^)-Hr{e-^^'^ see (26), and 

a;g(.) = {Zi)-Hr{e-^"^ .) (41) 

is the Gibbs state of the small system E at the temperature {k(3)~^ of the 
heat bath, independently of the properties of the diathermal contact (i.e., of 
the interaction Hamiltonian W), assuming that (Al)-(A4) hold for s < si. 

This result and the property of return to equilibrium for the heat bath 
TZ yield, in essence, the 0*'* law of thermodynamics. 

Carnot processes and the 2"^^ law of thermodynamics are discussed in 
[1]; (see also [10,20,21]). An important variant of the adiabatic theorem for 
non-equilibrium stationary states will appear in [22]. The analysis in [22] is 
based on some basic techniques developed in [23] . 
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